We present an illustrative discussion of the physics potential of µ − -e + conversion. We point out that this process, although much less frequently studied than the related but much more popular processes of µ − -e − conversion and neutrinoless double beta decay, in fact is a promising alternative possibility to detect both lepton flavour and number violation. However, for this goal to be reached, a combined effort of experiments and theory, both in nuclear and particle physics, is necessary to advance. The aim of this paper is to be an "appetiser" to trigger such an initiative. *
Introduction
A detection of lepton number violation (LNV) would shake the fundaments of our current particle physics picture. In the Standard Model (SM), lepton number can only be violated by non-perturbative processes which do not appear at low energies [1, 2] , while any perturbative process (i.e., any Feynman diagram) does not lead to LNV. For example, in the SM, we have no possibility to write down a diagram for neutrinoless double beta decay (0νββ), (Z, A) → (Z + 2, A) + 2e
− , in which a nucleus with atomic number Z and mass number A decays such that, although no lepton has been present in the initial state, two electrons appear in the final state. However, many new physics theories beyond the SM do feature LNV, which is why its detection would be of such great importance.
If the physics community were to bet on how to observe LNV, most experts would go with 0νββ. Indeed, many experiments are currently searching for this process. Among them are GERDA [3] , EXO-200 [4] , KamLAND-Zen [5] , and many more, and the limits on the half-life have reached an impressive level in far excess of 10 25 yrs. This is of course due to tremendous progress on the experimental side within the last decade, however, in parts this success also comes from the possibility to use large amounts of isotopically enriched material -which have the benefit of exploiting the large number of atoms contained in a macroscopic piece of matter. Yet, after all, 0νββ can only detect LNV if it is present in the ee-sector, because the process is energetically only possible if electrons are involved.
But exactly that may be a problem: nobody can guarantee that LNV is in fact most prevalent in the ee-sector. On the contrary, looking at the literature (see, e.g., Refs. [6] [7] [8] ), there are several settings known in which by far "more" LNV is present in, e.g., the eµ or eτ sector, while it is strongly suppressed or even completely switched off in the ee-channel. What can be done in such a case? Indeed, the possibilities are considerably more scarce. Currently, some limits do exist stemming from rare kaon decays like BR(K + L → e ∓ µ ± ) < 4.7 · 10 −12 by E871 [9] , BR(K ± → π ∓ µ ± µ ± ) < 8.6 · 10 −11 @90% C.L. by NA48 [10] , as well as exotic meson decays, e.g. BR(D
(by BELLE [12] ), or from rare tau decays, e.g.
(by BELLE [13] ). However, these are not even remotely close to the figures characteristic for 0νββ. In the future, one could probably make the greatest progress with a new lepton collider (see, e.g., Ref. [14] ), however, it is uncertain whether such a machine will ever be built.
We therefore make a case for the alternative LNV process (or, more specific, charged lepton number and flavour violating -CLNFV) of bound µ − -e + conversion. While it had already been proposed decades ago [15] [16] [17] , it is only now that experiments on the similar but only lepton flavour violating (LFV) process of coherent µ − -e − conversion are expected to increase their sensitivity on the branching ratio by several orders of magnitude [18] -possibly even reaching an incredible sensitivity of
. This is crucial because, for most experiments aiming to measure LFV µ − -e − conversion, the additional measurement of the LNV µ − -e + conversion comes practically for free -or with very minor modifications of the setup. Thus, with sensitivities not identical but at least similar to those on µ − -e − conversion, we can also expect an improvement on the bounds on µ − -e + conversion by several orders of magnitude within the coming years. This CLNFV conversion has been targeted in previous experiments [20] [21] [22] [23] [24] [25] [26] , however, nowadays most of this expertise seems to be "lost", and it is worth reconsidering µ − -e + conversion in the light of the newest technology. In the following, we will illustrate that µ − -e + conversion can possibly be used to gain fundamental physics insights. We will clearly single out the three directions in which advances are necessary to ensure this progress: the more detailed investigation of particle physics models in what regards LNV in the eµ sector (to understand the possible gain), more involved experimental sensitivity studies (to determine the physics potential of upcoming experimental setups), and the up-to-now missing computation of the nuclear matrix elements (NMEs) for the process (to tighten the resulting limits on promising theories). Note that, in the first point, we anticipate some of the results of a detailed on-going study aiming to determine the contributions of a set of certain particle physics models to the short-range operators transmitting µ − -e + conversion [27] .
Formalism
In order to consider the short-range contributions to the µ − -e + conversion within a general framework, we turn to an effective field theory treatment analogous to the one used for neutrinoless double beta decay (0νββ) [28] , which covers all short-range contributions. Hence, the bound muon and the positron interact with the nucleons via point-like vertices. We restrict ourselves to the short-range operators of lowest dimension, d = 9. Taking into account Lorentz invariance, the most general short-range Lagrangian is [28] :
where
is the Fermi constant and m p is the proton mass. The hadronic currents are defined similarly as in Ref. [30] :
The leptonic currents are defined analogously, however, connecting µ-e instead of e-e:
Depending on the nature of the LNV physics, one or the other operator may be realised, and a bound on the very same operator can have different implications depending on which model generates it. Note that, while for 0νββ the operators with coefficients 6, 7, 8 can be shown to vanish due to the anti-symmetry of operators connecting two electron fields [31] , this logic does not hold anymore when different flavours are combined. However, as we will explicitly demonstrate in [27] , one can show that these operators do not contribute in the limit of perfectly non-relativistic nucleons, which is generally a rather good approximation and which implies that 6,7,8 will only contribute as higher-order corrections. Note further that, although the operators in Eq. (1) can appear in very different chirality structures, in most cases the experimental limit depends much more on the index n of n rather than on which chiral structure is realised [27, 28, 30, 32] . In many realistic settings, however, only one or a few of the short-range operators from Eq. (1) are realised. For example, a doubly charged singlet scalar as introduced in Ref. [8] would only admit the single operator:
where ξ is a lepton number violating effective coupling, v = 246 GeV is the vacuum expectation value of the SM Higgs, f eµ is the lepton flavour violating coupling of the charged singlet scalar with mass M S to charged right-handed leptons, and Λ is the ultra-violet cutoff of the model considered in [8] . For illustrative purposes, we have depicted the mapping onto the short-range operator in Fig. 1 . Treating the short-range contributions via an EFT allows for the separation of the nuclear physics part from the respective particle physics model. It thereby allows for the (particle-) model-independent computation of the NMEs and, thus, a wide range of particle physics models can be attacked by a single strike. Consequently, it is essential to determine the relevant µ − -e + conversion NMEs, such that limits from this CLNFV process can be derived. In case only a short-range is realised, the decay rate is given by:
where g A = 1.254 [33] and R = 1.1A 1/3 fm is the nuclear radius for an atom with mass number A. Here, M (µ − ,e + ) is the NME as defined in Eq. (49) of [33] , and
approximates the muon average probability density [34] . The Fermi function F (Z − 2, E e ) is introduced to account for the influence of the nucleus' Coulomb potential on the final state positron. From Eq. (5) it is evident that particle physics models realising some form of the short-range operator coefficient
can be constrained by a non-observation of the process, as we will illustrate in Fig. 4 . Let us briefly discuss some more examples.
In case the transition is mediated by heavy right-handed Majorana neutrinos, as discussed in Ref. [35] , the operator realised is:
is the effective (inverse) mass parameter describing how the active-neutrino flavours e and µ mix with the heavy right-handed neutrinos N k . Another model realising only 3 is a Left-Right symmetric model supplemented by additional Higgs bosons and singlet fermions as put forward in Ref. [36] . The resulting effective short-range operator and coupling are:
where ζ LR is the W -boson mixing angle, g R ∼ g L are the SU (2) R,L gauge couplings, and M S j denotes the mass of the respective singlet fermion S j contained in the model; furthermore, p 100 MeV is the average nucleon momentum scale whose definition includes the factor of m p that would otherwise appear in RLL 3 , see [36] for details. Our final example is taken from the two-loop neutrino mass model of Ref. [6] , where the SM is extended by an SU (2) triplet and a doubly charged scalar. The doubly charged component of the triplet and the singlet scalar mix to physical mass eigenstates P ±± 1,2 which realise the conversion via:
where ω is the mixing angle of the doubly charged scalar mass eigenstates of masses M 1,2 , v T is the vacuum expectation value of the triplet Higgs, and Y eµ denotes the singlet Yukawa coupling to two charged right-handed leptons. Yet another class of models that generate LNV are those based on R-parity violating (RPV) supersymmetry (SUSY). Within the framework of RPV-SUSY, there are several mechanisms that provide LNV which are discussed broadly in the literature, e. g. [30, 37, 38] , for the case of 0νββ. While we focus on short-range operators here, there are also interesting long-range contributions that can lead to sizeable contributions (see e.g. Ref. [39] , where the cases of sbottom/stau exchanges avoid stringent bounds on the SUSY parameter space). When contemplating RPV SUSY, there are several mechanisms that provide µ − -e + conversion. For models with neutralino exchange being dominant [37] , the contribution is similar to that from heavy right-handed neutrinos, cf. Eq. (6) . Although in this case 3 is realised, such that limits from experiment can be translated, we do not consider it in the following due to its smallness. A general problem with these RPV models is that, although potentially promising, they cannot be properly assessed at the moment -which is why we could not include them in our analysis. For example, the short-range contributions discussed in [38] only realise the operators 1 and/or 2 , and the same is true for the particularly promising long-range operators proposed in [39] . Thus, even though we can evaluate the effective operator coefficients in these settings and they seem to be rather large (possibly even larger than the ones we have included in Fig. 4) , at the moment no computation of the corresponding NMEs is available for these cases. Therefore, we are unable to give a reliable prediction on how strongly these promising contributions could be constrained in the future. This is one particular example of advances being necessary on the nuclear physics side, and it may possibly motivate nuclear physics theorists to spread out their techniques of computing NMEs to cases involving µ − -e + conversion. For the time being, though, when considering µ − -e + conversion, we have to rely on the computations that exist at this stage. In fact, several authors have recognised the potential benefits of this process, so that the NMEs for the short-and long-range operators corresponding to 3 are already available [33] . We will thus start with this case, for which no striking but at least several interesting cases exist. But, in order to fully exploit the discovery potential that lies within the next generation of groundbreaking bound muon experiments like COMET [40] , DeeMe [41] , or Mu2e [42] , we are in dire need of the nuclear physics community advancing on the yet unknown NMEs, and hopefully our first investigations can act as initial spark for further detailed studies.
Experimental aspects of µ
In Fig. 2 , we have illustrated how µ − -e + conversion compares to both µ − -e − conversion and 0νββ: while µ − -e − conversion can only detect lepton flavour violation -which we know exists from neutrino oscillation experiments -and not the much more fundamental lepton number violation, 0νββ can detect LNV but only in the ee-sector. Instead, µ − -e + conversion is in some sense the best of both worlds, being able to detect LNV in the eµ sector. This is a great benefit given that there are models in which LNV is much more prevalent in flavour non-diagonal transitions. On top of that, and this is the actual candy, most experiments searching for ordinary µ − -e − conversion can, even without modifications, at the same time look for µ − -e + conversion. This is next to be discussed. In contrast to coherent µ − -e − conversion, which can occur at a single nucleon and is mediated via the ground state of the nucleus, µ − -e + conversion has to occur at two nucleons to allow for a ∆Q = 2 process (see section 3.5.1 of Ref. [43] for a pedagogical summary of theoretical and experimental aspects). In this way it is very similar to 0νββ, just with a muon instead of an electron. Taking the simplest case of Majorana neutrino exchange [33] , the effective mass obtained from 0νββ contains terms proportional to U 2 ei , with U ei being the i-th element of the first row in the leptonic mixing matrix, whereas µ − -e + conversion is sensitive to U µi U ei , therefore providing complementary information. Even if the process is not mediated by Majorana neutrino exchange, there will always be μ --e + conv.
LNV-Alterna2ves: some connection between µ and e, which is absent for 0νββ. Experimentally, both types of bound muon conversion are two-step processes. First, a µ − is captured in an atomic shell of higher principle quantum number, n ≈ 10, before it quickly de-excites to the 1s ground state. The emission of the corresponding de-excitation photons (in case of muonic atoms this will be more than 100 keV in energy) serves as indicator for a shell capture. In case of Al (100% of Al-27), which will be used in the next generation of experiments the 2p → 1s transition with the emission of a 346.8 keV photon with 79.7(6)% intensity will serve as signal. After that the muon either decays in orbit (DIO), experiences a standard muon capture with the emission of a neutrino, or it undergoes µ-e conversion in which it is captured by the nucleus and reemits a positron or electron. Assuming only coherent conversion -which means that both initial and final state nucleus are in ground state -the positron/electron created is fast, and it escapes the final-state atom. The positron/electron energy is then given by E = m µ − B µ − E rec , with m µ being the muon mass, B µ the binding energy of the 1s-state in the muonic atom, and E rec the nuclear recoil energy. The last two terms are small compared to the muon mass so that, in the exemplary case of Al-27, the expected energy of the electron is 104.97 MeV.
While µ
− -e − conversion is dominated by its coherent conversion [44] , this may be very different for the CLNFV µ − -e + conversion, where several states can be excited and the resulting positrons will therefore have a more involved spectrum [22] . Past measurements of µ − -e + conversion [20] [21] [22] [23] [24] [25] , the last one being SINDRUM II [26] , assumed that this process is completely mediated through the giant dipole resonance (GDR). SINDRUM II used a Ti target and assumed a Breit-Wigner shape to fit the GDR with 20 MeV excitation energy and 20 MeV width. In the case of Al-27, which is the muon capture target for both future experiments COMET [40] and Mu2e [42] , much better data exist and, using the EXFOR database [45] , the GDR can be fitted by a Breit-Wigner shape with Figure 3 : Shape of the giant dipole resonance in Al-27 using the EXFOR database. A Breit-Wigner shape is fitted to the data. a mean of 21.1 MeV and a width of 6.7 MeV, which is much more precise than the one used in the past (see Fig. 3 ). Hence, if this process is completely mediated by the GDR, which is an assumption, the positron energy will be 83.9 MeV and thus suffer from the higher background of DIO which was recently calculated accurately [46] . In this case the sensitivity might be reduced due to background, but it can partly be recovered by measuring the sign of the charge in the drift chambers. If the µ − -e + conversion is proceeding to a certain fraction via the ground state or via states between ground state and the GDR, then the signal will be smeared out over the range between the two values given. However, newer calculations revealed that a significant fraction (around to 40% [33] ) are going via the ground state also for this process, which would be good news. Clearly this issue deserves future investigations to clarify how this process is mediated in a nucleus at all and whether the GDR is really playing a key role [33, 47] .
Physics reach of COMET and similar experiments
The goal of this section is to illustrate that experiments like COMET [40] could make a countable physics impact when aiming to measure µ − -e + conversion. Note that, however, this section is only illustrative because currently several key pieces of information are not available yet: while for the known case of the operator 3 upcoming experiments can by an inch not scratch the surface of the relevant parameters, we will see that they are still close enough for investigations of the other possible operators to be interesting.
To illustrate the potential of future experiments to detect LNV in the eµ-sector, we display the limits on and sensitivities to the two effective parameters 3,ee and 3,eµ in Fig. 4 , both for on-going and future experiments on 0νββ and on µ − -e + conversion. In the former case, we illustrate the current limits for GERDA phase I (light green region, from [48] ) and for the first data of phase II (light grey slice, from [49] ), as well as a future projection of what could possibly be reached by experiments with Ge-76 (light red region, from [50] ). In the case of µ − -e + conversion, however, the information is much more scarce, as already mentioned. For example, up to now no experiment has used Al-27 to study ordinary µ − -e − conversion, which is why there is no actual upper limit from that isotope. Other limits do exist, and for illustration we show how the bound on Au-197 from SINDRUM II (light blue region, from [26] ; see [51] for a collection of further limits) would translate into a limit on 3,eµ , provided that the sensitivity for µ − -e − conversion is identical to that for µ − -e + conversion (which is a good approximation up to a factor of O(1) [20, 23] ). It is, however, important to keep in mind that the values of the NMEs are uncertain as stated before. While we would expect somewhat similar numbers for all isotopes, which is roughly the case for 0νββ-NMEs [52] , the only explicit value for µ − -e + conversion mediated by heavy particles was 5.2, computed in [33] for Ti-48, as to be investigated by PRISM/PRIME (light orange region, from [19] ). However, for Al-27 as used in COMET, we have not found a tabulated value, so that we had to rely on the value of 5.2 at least serving as a ballpark estimate (light yellow region, from [40] ). Clearly, the message is that further investigations from the nuclear physics side are needed.
In any case, the values used should serve as an illustration. What is clearly visible from the plot, though, is that the possible upper bounds from 0νββ on 3,ee are superior compared to those from µ − -e + conversion on 3,eµ , by about eight to nine orders of magnitude at least. This is to be expected, since experiments on 0νββ can usually operate with a solid target while muon conversion experiments have to rely on high intensity muon beams, such that there is a massive enhancement of the former type of experiments by the Avogadro number. However, this is not the full picture, since there could be particle physics models in which much more LNV is contained in the eµ-than in the ee-sector, i.e., their predictions would be situated in the upper left half of the plot. Although this information has not always been worked out, we have already in a first investigation been able to identify several models in which LNV is much more prominent in the eµ-sector, depicted by the scattered points in Fig. 4 , many of which are located in the upper left half of the plot. The examples displayed are the red and purple allowed benchmark points from a 2-loop neutrino mass model containing a doubly charged scalar [8] , two regions from a Left-Right symmetric model supplemented by additional Higgs bosons and singlet fermions [36] (with the natural points depicted in brown and those which feature a cancellation in the ee-sector by the grey points), and an explicit example of µ − -e + conversion mediated by a superposition of doubly charged singlet and triplet scalar components [6] (blue points in the plot).
3 While these models still cannot be probed by the upcoming conversion experiments, at least the grey points nearly peak into the region accessible by future experiments, thereby illustrating that valuable new information is likely to be reached for more suitable settings and/or other operators. In particular, some of the potential long-range contributions look promising [39] .
Recall further that there are hardly any detailed investigations available at the moment, and we have only presented a few example models so that, in fact, there is potential to reveal further particle physics settings that can be probed by µ − -e + conversion.
Summary and conclusions
Having discussed several aspects of the process of µ − -e + conversion, we can conclude that improvements are needed on three sides:
1. Experimentally, no very detailed sensitivity studies exist at this stage for µ − -e + conversion. Although new backgrounds such as protons [21] and pions [22] may apear, we can nevertheless expect sensitivity levels to be at least similar to those on µ − -e − conversion [20, 22, 24] , with some previous limits being nearly identical for both processes [20, 23] . Such studies can and should be done with existing resources.
Nuclear matrix elements have hardly been computed for µ
− -e + conversion, which is particularly true for Al-27. The only two available are those for 3 with light (M ν = 0.025) and heavy (M N = 5.2) neutrino mediation [33, 35] , both for Ti-48, with the latter being equivalent to the NME needed for the short-range 3 -operator from Eq. (1). However, no further up-to-date computations seem to exist, neither for isotopes other than Ti-48 nor for short-range operators other than 3 . Furthermore, there seem to exist no theoretical works investigating which percentage of µ − -e + conversion takes place coherently and how this influences the discovery potential. This makes it currently impossible to present the full picture. Indeed, glancing at Fig. 4 , it seems realistic that some models may be promising, and further investigations could reveal settings in reach of experiments. In [27] , we will identify several other contributions realising, e.g., operators 1 and 2 . These constributions do look rather promising, and they may in fact have a greater potential to be detected in the near future. However, without any computations of the NMEs, this cannot be judged. We would therefore like to transmit this message to the nuclear theory community since, in fact, LNV could possibly be found in µ − -e + conversion more easily than in 0νββ. Getting a better understanding of the nuclear physics part is the most important ingredient to make progress on µ − -e + conversion.
3. On the particle physics side, there are for many models no detailed studies on how much LNV could be present in the eµ-sector. There exist detailed studies on 0νββ though, see e.g. Refs. [54, 55] , which has been the focus for years. But, as we have illustrated, LNV in the ee-sector may be suppressed. However, most cases are only studied superficially, while new options like µ − -e + conversion can be available but are not discussed in detail. A comprehensive study on µ − -e + conversion from a technical point of view including the derivation of the decay rate in Eq. (5) and the investigation of several LNV models is currently in preparation [27] .
Summing up, we are in a position in which experiments have a great potential to advance our knowledge on CLNFV in the eµ-sector. However, the theory side has to gain momentum, both for particle and nuclear physics, since beneficial steps are obvious but not made. Only if all three communities pull together, advances will be achieved.
